A vertex model introduced by M. Bowick, P. Di Francesco, O. Golinelli, and E. Guitter Nucl. Phys. B 450, 463 (1995)] describing the folding of the triangular lattice onto the face centered cubic lattice has been studied in the hexagon approximation of the cluster variation method. The model describes the behaviour of a polymerized membrane in a discrete three{dimensional space. We have introduced a curvature energy and a symmetry breaking eld and studied the phase diagram of the resulting model. By varying the curvature energy parameter, a rst-order transition has been found between a at and a folded phase for any value of the symmetry breaking eld.
PACS numbers: 05.50.+q (Ising problems); 64.60.-i (General studies of phase transitions); 82.65.Dp (Thermodynamics of surfaces and interfaces). The macroscopic behaviour of membranes uctuating in the euclidean space crucially depends on the microscopic characteristics of the system 1]. For example, a uid membrane without self-avoiding interactions is always expected to be in a crumpled state 2], independently from the sti ness attributed to the membrane, while a rigid phantom 3] polymerized membrane, which is a network of molecules with xed connectivity, is expected to be stable in a at phase 4] . The existence of di erent classes of membrane systems suggests to consider speci c lattice models paradigmatic for each class, which can be useful for analytical and numerical calculations. While many{component membrane systems can be sometimes expressed as Ising{like models 5], it is more di cult to describe the statistical behaviour of a single membrane in terms of usual lattice models with a local hamiltonian. In Ref. 6], a D = 2 vertex model has been introduced which describes the behaviour of a single phantom polymerized membrane with bonds of xed length embedded in a discrete d = 3 space. The aim of this communication is to study the phase diagram of the membrane model of 6].
Models of polymerized membranes were introduced in 7], and studied using a Landau{ Ginzburg evaluation of the energy of the system in 4, 8, 9, 10] . From the above studies, and from numerical simulations 11], it comes out that, when excluded volume e ects are not considered, by varying the strength K of a bending energy term which favours at con gurations, a critical transition arises separating a at phase at large K from a crumpled phase at small K.
Generally, the length of the bonds of a polymerized membrane can vary being subjected to elastic forces 4]. In 12] the simple case of a triangular network with bonds of xed length embedded in a d{dimensional space has been rst considered. This folding problem has been studied in 13, 14, 15] in the case of a two{dimensional embedding space; here the normals to the triangles of the network can point only \up" or \down" in some direction. This model can be mapped on a 11{vertex model equivalent to a constrained Ising model with some spin con gurations forbidden 13]; a rst{order transition has been found to occur between a at and a disordered phase 14, 15] .
The more complicated problem of the folding of the triangular lattice in a three{dimensional embedding space has been formulated in 6], with the embedding space discretized as a face centered cubic lattice. In this model the plaquettes of the triangular lattice are mapped, by folding, onto those of a face centered cubic lattice, so that two adjacent plaquettes form an angle which can take up only four di erent values (see Fig. 1 ). In the following we introduce a term representing the sti ness of the network and study the phase diagram of the resulting model by applying the cluster variation method (CVM) in the same approximation used in 15 ].
The vertex model of 6] can be de ned as follows. Two Z 2 variables, named z i and i , are assigned to each plaquette of the triangular lattice, and hence to each site i of the dual hexagonal lattice. The relative values of these variables on adjacent plaquettes (say 1 and 2) determine the angle that is formed by the plaquettes, according to the following rules: for z 1 = z 2 and 1 = 2 we have no fold between the plaquettes; for z 2 = ?z 1 and 2 = 1 we have an acute fold, with an angle such that cos = 1=3; for z 2 = ?z 1 and 2 = ? 1 we have an obtuse fold, with cos = ?1=3; nally, for z 2 = z 1 and 2 = ? 1 we have a complete fold, with the plaquettes lying one on top of the other (see Fig. 1 ).
It has been shown in 6] that the variables z i and i have to satisfy two constraints, or folding rules, in order to describe a folding con guration over the face centered cubic lattice.
Such folding rules take the form 6 X i=1 i = 0 mod 3;
(1)
where the index i runs around a hexagon, and
where z 7 = z 1 and i;c = ( 1 if P i j=1 j = c mod 3 0 otherwise i = 1; :::; 6; c = 1; 2 :
We shall assume that a fold between two adjacent plaquettes has an energy cost, due to curvature, given by ?K cos , where is the angle between the normal vectors to the plaquettes. In terms of our Ising{like variables such a term can be rewritten as ?K i j (1 + 2z i z j )=3, manifestly symmetric under the global transformations z i ! ?z i ; 8i and i ! ? i ; 8i. We will introduce also a term which breaks this symmetries, the analog of the magnetic eld in the ordinary Ising model. In the two{dimensional case 14, 15] it was quite easy to de ne a symmetry{breaking eld coupled to the direction of the normal to a plaquette, since there the spin variable associated to each plaquette denoted whether the normal was pointing up or down. In the present case and with the present parametrization this is no more possible, since the pair of values fz i ; i g does not determine the orientation of the plaquette. However, we are not interested in a true magnetic eld, which cannot be given a physical meaning in this model, but just in a symmetry{breaking term, which can be realized in several ways. A simple choice, which favors only one of the four possible at states (a at state is easily seen to be characterized by the condition fz i ; i g independent of i), leaving on the same ground the remaining three, is ?h z i ;1 i ;1 . There are of course other possibilities, and in the following we shall consider one of these in order to show that the phase diagram is, roughly speaking, qualitatively independent of this choice.
We are thus led to consider the following hamiltonian (energies are given in units of k B T ), de ned on the dual hexagonal lattice:
where the rst sum is over nearest neighbor pairs.
As for the two{dimensional model, the phase diagram will be investigated by means of the hexagon approximation of the cluster variation method (CVM), which has been thoroughly described in 15]. This requires to introduce a hexagon density matrix 6 (fz i ; i g), indexed
by the hexagon con gurations, a link density matrix 2 and two site density matrices 1A and 1B , one for each of the two interpenetrating sublattices of the hexagonal lattice. Because of the folding rules Eqs. 1 and 2 one has not to consider 2 12 = 4096 hexagon con gurations, but only 384, and hence 384 6 elements (this number may be slightly reduced by taking into account degeneracies, but this would lead to a more involved formulation). The link and site density matrices can be de ned as partial traces of 6 
The phase diagram of Fig. 2 is then easily obtained by comparing the value of the free energy of the disordered phase with f at above.
The rst point to be discussed is that enlarging the embedding space has not turned the phase transition into a second order one, in contrast with what one could expect 6]. On the contrary, the rst order character of the h = 0 transition seems to be enhanced in the three{dimensional case, as suggested by the jump in the energy{like correlation function, which is about 1.237 in the present case against 1.047 in the two{dimensional case. These features should be described correctly by the CVM approximation, as suggested by the good agreement with the transfer matrix results obtained both in the two{dimensional case 15]
and, for the entropy at in nite temperature, in the present case.
The curvature term in Eq. 4, without the constraints Eqs. 1{2, corresponds to the anisotropic Ashkin{Teller model 16] with a particular choice of the parameters. We have studied in the CVM pair approximation the Ashkin{Teller model with the hamiltonian H AT = ?K=3 P <ij> i j (1+2z i z j ) and we have found two critical transitions at K c1 = 0:824 (where the symmetries z ! ?z and ! ? are separately broken, but their product is preserved) and K c2 = 1:648 (where even the product symmetry gets broken). In analogy with the result obtained in the two{dimensional case 15], we see that the introduction of defects which relax the constraints is necessary to smooth the transition.
Finally, it has already been observed before that the introduction of a symmetry{breaking eld in the hamiltonian is not a trivial task as in the two{dimensional case 15]. It is therefore worth asking whether the basic features of our phase diagram depend on the choice of this eld. For this reason we have considered a second model by introducing the h{ eld term in the hamiltonian in the following way H alt = ? K 3 X hiji i j (1 + 2z i z j ) ? h 3 X i i (1 + 2z i ); (7) where h is non{negative. This amounts to let all the plaquettes interact, with an energy h, with a \ghost" plaquette which is xed in the state characterized by (z = 1; = 1). In Fig.   2 it is shown the phase diagram of the model Eq. 7 as well; the transition line is the broken one and is still a rst order one. It is clear that the main features of the phase diagram have not been changed by replacing the old h{ eld term by the new one.
To summarize, we have studied in the CVM hexagon approximation the phase diagram of a vertex model which describes the folding of a triangular network onto a fcc lattice, subjected to a bending energy and a symmetry{breaking eld. We have determined the folding entropy at in nite temperature, which is in very good agreement with a previous transfer matrix estimate, and the phase diagram of the model, which turns out to be qualitatively independent on the choice of the symmetry{breaking eld. The at and the folded phases are separated by a rst{order transition, which is even stronger than that obtained with a two{dimensional embedding space. The lack of critical behaviour, which is expected for a polymerized phantom membrane, may be due to the particular choice of the discrete embedding space.
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